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Abstract: In previous papers by the author, schemes were used to
specify some new axioms for set theory, to give a lower bound on
the Mahlo rank of a weakly compact cardinal, and to give a chain in
the Galvin-Hajnal order with properties of interest. Here, various
improvements are made.
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1. Introduction.

Schemes were defined by the author in [6], where they were called
systems of operations. A related notion is the “dressed ordinals” of
[14].

In [6], it was shown using schemes that the set of greatly Mahlo
cardinals below a weakly compact cardinal is a IT{-enforceable
set. This was also shown in [2]. In [7], it was shown that a
more restricted set of cardinals, called H?-Mahlo cardinals, is IT3-
enforceable. It was also shown that the set of greatly Mahlo car-
dinals is, mod the thin ideal, contained in M, for any maximal
set M, of Mahlo rank o < k™ (see below for terminology). In [§],
schemes were used to postulate some new axioms for set theory. In



[9], schemes were used to prove a lower bound on the Mahlo rank
of an H"-Mahlo cardinal. In [10], schemes were used to construct a
chain of functions in the Galvin-Hajnal order which has properties
of interest.

In this paper, various improvements are made to the methods
and results of the above mentioned papers. Notation as in the
preceding papers will be used, as follows:

e Ord for the class of ordinals, Lim for the class of limit ordinals,
Lim for the operator taking a class of ordinals to the class
of its limit points (so that Lim = Lim(Ord)), Inac for the
strongly inaccessible cardinals, Pow for the power set of a set,
Cf for the cofinality of a set of ordinals, Dom for the domain
of a function, Id for the identity function on a given domain.

e For x € Inac, In,, for Inac N &, and In? for In, U {0}.

e A for diagonal intersection, v/ for diagonal union.

The reader is assumed to be familiar with the basic properties
of club subsets of a regular uncountable cardinal, and thin and
stationary sets.

Throughout the paper, x will denote an element of Inac.

2. Schemes.

In this section, the basic facts concerning schemes are reviewed,
with some streamlining from earlier versions. A scheme, of rank o,
for k, is a pair ¥ = (0, ¢) where o < kT and ¢ is a function whose
domain is the set of limit ordinals a < 0. For a € Dom(¢), ¢(«)
is an increasing function with domain an ordinal n < k, and whose
range is an unbounded subset of a. If Cf(a) < k then n < K, and
if Cf(a) = K then n = k. Sc, denotes the set of schemes for .

For a scheme ¥ = (o, ¢) in Sci, and a < 0, let ¥, = (a, ¢ |
(a+1)).

For F': Pow(k) — Pow(r) and X € Sc,, the function F™>: Pow(k)
— Pow(k) may be defined by the following recursion. In cases 2
and 3 ag is written for ¢(a)(€).

Case 0 (0 =0): F* =1d.

Case 1 (o =7+1): F*=Fo F><r.

Case 2 (0 € Lim, Cf(0) < k): F>(X) = NeeyF57¢ (X).

Case 3 (0 € Lim, Cf(0) = k): F*(X) = Aecn F7=¢(X).

Define the subset Ty, C k recursively as follows.
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It is readily verified that Ty is thin.

Say that a scheme 3 is a prefix of ¥, written ¥/ C 3, if ¥/ = ¥,
for some @ < o. Given a limit ordinal 7 and a chain S, for a < 7
under the order C, the join US, is that “partial” scheme, where
o = Uo, and ¢ = Ugp,. US, may be completed to a scheme by
specifying ¢(o).

A scheme X | X in Sc, will be defined by recursion on X, for
those A € In, such that A ¢ Tx. Write ¥ | X as (¢/, ¢').

0: The scheme with ¢’ = 0.

1: ¥, | A with 7/ replaced by 7" + 1.

20 Ueen¥icoe 1 A, with ¢/(0”)(€) set to (6(a)(€))".

3t UeanX<oe | A, with ¢'(07)(€) set to (¢(0)(§))"-

Let £, be those F: Pow(k) — Pow(x). such that for any 8 < x,
F(X)npg = F()Np whenever X N3 =Y N 3. Given such, a
function (F' | 8): Pow(() — Pow(3) may be defined for any 5 < k&,
by letting (F' | ) (X N @) = F(X)NG. It is easily seen that £
is closed under composition, pointwise intersection, and pointwise

diagonal intersection; whence by induction on X, if F € £; and
Y € Sc,, then F* € ;.

Lemma 1. Suppose F' € Ly, and X € Sc,. For \ € In,, if X ¢ Tx
then F¥ | A = F>,

Proof: By induction on ¥; see lemma 3 of [9] for some details.

3. Maximal sets and canonical functions.

This section also reviews and extends various facts. Suppose <
is a well-founded relation on a set S. A rank function p may be
defined on the elements of S, by the recursion p(z) = pp(Vw <
z(p(w) < p)). Letting < denote {w : w < z}, p(x) = plx<].
Also, p(x) = sup{p(w) + 1 : w < z}. The rank p(<) of < may be
defined as the smallest ordinal such that p(w) < p for all w € S,
and equals p[S], and also sup{p(w) + 1 : w € S}. The following
lemma is considered folklore, and is stated for emphasis.



Lemma 2. p(<) < |9]*.

Proof: Since p(z) # p(y) = x # y, |p[S]| < |S], and the claim
follows.

For X,Y C r say that X C, Y if X — Y is thin. For X C In?
let H(X) = {\ € X: X N A\ is a stationary subset of A\}. For
X, Y C Ing say that X <r Y if Y C; H(X). The reader is assumed
to be familiar with the basic properties of H and <g. In particular,
< g is well-founded and transitive. Let pg denote the rank function,
and write pr(k) for pr(<gr). pr(k) is a measure of how “Mahlo” &
is: pr(k) > 1iff k is Mahlo, pr(k) > k™ iff k is greatly Mahlo, etc.
By lemma 2, pr(k) < (2)", and if GCH then pg(k) < k7.

It is useful to consider the order <y, “relativized” to a subset
W C Ing; this is simply <gz[ W. the rank function will be denoted
py . In most uses W is a stationary subset, although some facts
don’t require this assumption.

In the order <! a stationary set M C In? is said to be maximal
of rank p if p¥ (M) = p, and X C; M whenever X C W is a
stationary subset with piy (X) > p.

Lemma 3. If H*(W) is stationary then it is mazimal of rank o in
<g|! W. If W is mazimal of rank p in <g then H>(W) is mazimal
of rank p+ o in <g.

Proof: Theorem 1 of [9] holds for the order <z W, with In? re-
placed by W in the statement of the theorem; the modification to
the proof are straightforward. The lemma follows easily.

Note that if pl (k) < s* then pl (k) equals the smallest o
such that H*(1W) is thin. In [7] a stationary subset S C In® with
pr(S) = 0 and pr(H(S)) = 2 is constructed, assuming V' = L and
k not weakly compact.

Given a sequence f¢ of functions on Ord to Ord, as usual de-
fine the sup “pointwise”, i.e., (sup fe)(7) = supg(fe(7)). Given
a sequence (fe: & < k) let dsup,_,fe be the function f where
f(A) = supecy fe(N).

Suppose f and g are functions from x to k. Say that f <, g if
{A: f(A > g(A} is thin. By w-completeness of the thin ideal, <, is
well-founded; it is also transitive. Let p, denote the rank function.



The relations <, and =, are defined similarly to <,; <, is a well-
founded quasi-order, and =, is the canonical congruence relation.
<, is not the strict part of <,. Readily verified basic facts include
the following.

e For 7 < k, supe, f¢ is a least upper bound under <, of {f¢}.

e dsup,_, f¢ is a least upper bound under <, of a sequence (f).

e If f<,g9g<.hor f<,g<,hthen f <, h.

A function f is said to be canonical of rank p if p_,(f) = p, and
if p«(g) = p then f <, g.

For a scheme > € Sc,, define a function fx:In, +— & by recursion
on X as follows.

0: The identically 0 function.

1: ngT + 1.

2: sup,_, fgg%.

3: dsup§<,if2§%.

Lemma 4. fx, is canonical of rank o.

Proof: This follows by induction on ¥, using well-known facts which
can be found in [12] for example.

Lemma 5. Suppose ¥ € Se,, A € In,,, and \ ¢ Tk..

a. fs A= fzu-
b. fs(\) equals the rank of ¥ | A.

Proof: Both claims follow by induction on ¥; see lemma 5 of [10]
for some details.

Lemma 6. Suppose X C Ing, YeSe., e XNIng, and X ¢ Tk..
Then X € H*(X) iff pE™(\) > f=(N).

Proof: The proof is by induction on X2, with cases as follows. In case
0, both statements of the equivalence are true under the assumption
A€ X. Incase 1, A € HH¥<7(X) iff A € H*<7(X) and H*<7(X)N A
is stationary. iff (by lemma 1) A € H”<7(X) and H*<" (X N \) is
stationary. Using lemma 5.b and the induction hypothesis, the first
conjunct holds iff px™(\) > 7/ where 7’ is the rank of X<, | . It
follows that the conjunction holds iff px™*()\) > ¢’ where 0’ = 7/+1
is the rank of ¥ | \; iff (using 5.b again) px™*(\) > fx(A). In case



2, A € NeeyH™=7¢(In?) iff pr(\) > sup§<n{fg§%(>\)}. Case 3 is
similar to case 2.

The order <, X" may be considered. In this case, X will be
assumed to be stationary. In particular, x must be Mahlo. If f
is a canonical function of rank o on s then f [ X is a canonical
function of rank ¢ in this order. In particular, this holds for fs.

Lemma 7. For any ¥, py(k) > o iff H*(X) is stationary iff {\ :
px(A) > fs(N\)} is stationary.

Proof: The first equivalence is immediate, and the second follows
by lemma 6.

4. Lower bound on the Mahlo rank of a weakly compact
cardinal.

In this section the methods of [9] will be used, in further iterations,
to improve the lower bound on the Mahlo rank of a weakly compact
cardinal given there. Although the bound is undoubtedly still weak,
the methods might be of interest as examples in attempting to
develop a general theory.

Let ® denote the ordinal exponentiation function. Define
by the recursion a 1 0 = 1, «a T (f+1) = a® (a T ), and
al B =supg.ga T f for limit 5. In [9] it was shown that if & is
a weakly compact cardinal then p(k) > k% T w.

For a cardinal k let ¢f(«) denote the function k. The function
¢ («) is the initial function of the “Veblen hierarchy” (q.v. see [13]).
The Veblen function for any “base” cardinal x may be defined the
same way, namely, ¢ () is the {th element in the enumeration of
the values which are fixed points of each ¢f for 5 < a.

Let E, be defined by the following recursion.

1. E() = I{,+ T w.

2. Ey=FE3lwifa=0+1.

3. By = Ugcq g for o € Lim.

When the base is w, it is well-known that E, = ¢1(«) (see [15]).
For convenience, a proof will be given for arbitrary base.

Eq
Lemma 8. For any o, k™ ¢ = E,.



Proof: This is clear for & = 0. Suppose a« = 3+ 1 where § > 1.
Then P, = Pﬁp « > g+tf > P 1f o is a limit ordinal then s+ =

sup{/{J’Pﬁ} = sup{Ps} = P,.
Theorem 9. E, = ¢%(«a).

Proof: The proof is by induction on «. For the basis a = 0,
the least fixed point of ¢q is easily seen to be kT T w. Sup-
pose a« = [+ 1. It is clear that Eg + 1 < E,, whence (with
® being associated to the right) k™ @ --- @ kT © (Ez + 1) <
Ez®---© Eg® Eg, whence E, > ¢f(a). We claim that for n > 2,
Ez®---®Eg (n occurrences of Eg) < kT ®---OkTOrTO(Ez+1),
and E, = ¢§(«a) follows. The claim is proved by induction on n. For
the basis n = 2, using lemma 8, E3©® Eg = (kT O Eg) O Eg = kT ©
Ez®2 < kTOE;OKrT = kT O(KTOER)ORT = kTORTO(Ez-kT) =
KTOKTO (KT O E) -kT)=rkTOrTOKT®(Ez+1). In the case
n+1, Eg@Eg@‘ . ‘@Eﬁ = (/~€+®Eﬁ)®Eg®' : '@Eﬁ = I{+®(E5-Eﬁ®
- OF) =kTOE;®---0OFE; < kTOKTO - OkTORTO(Es+1).
The case when « is a limit ordinal is immediate.

The reader is referred to [9] for definitions and properties of the

following:
L, F,— EX 1,0, A, Hy,, Ry, pn-

Other notation following [9] will be used.

For 1 < j <k <w and ¥ a scheme for x of rank o, let I} 5, be
defined by the following recursion:

1. Ijy=1;,or Hif j =1
Lige = Iis(le-1;z) - -+ (Lis)
Ljws = Nj<kewljps
]j;g = [jw;2<7 ifo=r1 +1
[j;E = ﬂ€<n[j;2§aé if Cf(O’) <K
]j;g = A§</~c]j;2ga£ lf Cf(O') =K

It is convenient to define P, tobelifa =0, F,_1if 0 < a < w,
and F, if o > w.

o U N

Lemma 10. [;x € R;, and p;(L;x) > P,.

Proof: The proof is by induction on ». The basis ¢ = 0 is imme-
diate. For the case 0 =7+ 1, for [ > 0let Qi.r = P - kT © (Py -



KT ® (- Pr- kT ® P;)), where there are [ + 1 P.’s. By results of
9], p;(Ljkx) = Qr—j.r- Using lemma 8, it follows that Q.. equals
P ifl =0, P2ifl=1,and P, T [ if [ > 2. Tt then follows that
pi(Lj;0) = pij(Liw;7) > supy pj(Lin; 7) > supy Qr—jir = supy, Pr 1
(k—j) = P- T w = P,. The cases where ¢ is a limit ordinal follow
by the definition of P, and results of [9].

A sequence of classes X, for £ € Ord can be coded as a class; in
a simple method, the code X equals {(£, z): 2 € X,}. This remains
true for classes X¢ in (i.e., subsets of) Vj;, where £ < k. If A € In,
(in fact more generally), X N V) = {(§,2):£ < A\, v € XNV, }.

Suppose k is II}-indescribable. Say that X C x is IT}-enforceable
if there is a I} formula ®(P) with a single class free variable P,
and a class P, such that =y, ®(P) and, and for A € In,, if =y,
®(PNV,) then A € X. This is a variation of the definition suitable
for the present purposes, and well-known to be equivalent to other
variations (see [11]).

In demonstrating that various predicates are II}, X1 functions
and Al predicates may be used. Some predicates are in fact A}
(only first order quantifiers). For example, suppose ®(Py, ..., Py)
is a formula with several class free variables. Let P be the code for
(Py,...,P,) as described above. Let ®'(P) be the formula obtained
by replacing each subformula w € P; by (i,w) € P. The latter
subformula is first order. In particular, multiple first and second
order free variables may be used to specify formulas.

For the next lemma, some facts noted in [7] will be reviewed.
There is a A} predicate stating that the class X represents a well-
order on a subset of k. This states that X is a class of ordered
pairs, which as a binary relation is transitive and reflexive, total,
and has no descending chains of length w. The formula defines the
desired class, in any V,, where x € Inac.

There is a A} predicate stating that the class X represents a
scheme for k. Namely, it represents a pair (o, ¢) where o is repre-
sented as above, and ¢ is a function whose domain is the limit points
a < o, where ¢(«) is a function with domain either an ordinal, or
all ordinals, etc.

An element F,, € L, for n > 0 can be coded as a class in
V.. Indeed, it may be seen that F,, | A € Vii113,; the code
F¢ may be taken as {(\,F,, | A\) : A € In,}. The predicate
App, (G¢_, FS FS_|) where G,,_1 = F,,(F,_1) is first order. Also,



(B | A= FenV.
Let & be the collection of ITi-enforceable subsets of &, and for
an integer n, inductively let &,,; be the elements I € £ such
that F[E,] C &,. It is not difficult to show that for n > 0, F,, € &,
iff for all (F; : j < n) with F,,(F,,_1) - - - (F1)(X) € & (use induction
on n).
The following are well-known or follow by straightforward ar-
guments.
o & is closed under the operations Mg, X¢ for n < k, and
A§<RX§.

e For n > 0, &, is closed under the operations N¢y e for
n <k, and D¢, Fue.

e For n > 0, &, is closed under o.

e For n > 0, for any scheme X for &, if F' € &, then F* € &,,.

Lemma 11. Suppose k is weakly compact.
1. He &,
2. Form>1,if F, €&, then F* € &,.
3. Form>1, 1,1 €&,41.

Proof: Part 1 is well-known. For part 2, suppose F; € &; for
j < mn. Then vy, VX(FO)®(FS_y)-- (FA)(X) # 0. Then {\ :
Ev, VE(FENVO)E(F_, NV - (FEN V)X NA) # 0} € &.
So Ff(Fn-1)---(F1)(X) € &. It follows by remarks above that
F* e &,. Part 3 follows from part 2.

Lemma 12. If k is weakly compact then 1.5, € &;.

Proof: We show by induction that in the clauses in the definition
of Ij5. the left side is in &;. Clause 1 follows immediately by
lemma 11. Clause 2 follows by a straightforward induction. Clause
3, 5, and 6 follows by remarks preceding lemma 11. Clause 4 is
immediate.

Let P+ =sup{F, : 0 < kt}.

Theorem 13. If k is weakly compact then p(k) > P+.

Proof: This follows using lemmas 10 and 12.



5. Chains in the Galvin-Hajnal order.

For k Mahlo, let F denote {f : In, +— x : f(A) < AT*T}. The
Galvin-Hajnal order on F will be denoted <, as usual. A chain in
F is a sequence (fe : £ < o) such that if £’ < £ then fo <, fe; o is
called the rank of the chain.

A chain will be said to be regular if the following hold induc-
tively.

0 (0 =0): fo =« 0, where 0 denotes the identically 0 function.

1 (oc=71+1): f, = fr+1

2 (0 € Lim, Cf(0) < k): fo =. supe, fe.

A chain will be said to be representing if it is regular, and for
every ¢ < o, and every normal ultrafilter U on &, f represents £ in
the ultrapower V*/U.

A chain will be said to be strongly representing if it is repre-
senting, and except for a thin set of A, if U’ is a normal ultrafilter
on A, f | A represents f¢(\) in V}/U’.

Chains (resp. regular chains, representing chains, strongly rep-
resenting chains) will also be said to be of type 1 (resp. 2, 3, 4).

Suppose k is a measurable cardinal, and let o(k) denote the
Mitchell order. Suppose (fe : & < o) is a chain. For £ < o let S¢
denote {A € In,, : o(A) > fe(A\)}. Trivially, £ < & implies S Cy §¢r.
The following is an improved version of results from [10]. with some
inaccuracies in the proofs corrected.

Theorem 14. Suppose k is a measurable cardinal, and (fe : £ <
o) is a strongly representing chain with o < o(k). Then S¢ is
stationary, and {' < & implies S¢ >g Ser.

Proof: Let U; be a normal ultrafilter on « with O(U;) = 0. By
lemma 19.34 of [Jech], o represents o(U;) in V*/U;. In particular
{N € In, : o(\) = f,(\)} is stationary, and the first claim follows.
For the second claim, it suffices to show that for § < o, Sep1 &
H(Se). Suppose A € Seq1. Then o(A) > fei1(N) so except for a thin
set of A there is a normal ultrafilter U’ on A with o(U’) = fe(N).
By hypothesis, except for a thin set of A, f [ A represents f¢()) in
VX/U'. Tt follows that Se N A € U'.

Write the Cantor normal form to the base k™ for the ordinal o
as KTF -0 + -+ kT §y. For 0 < k¥ T w, cases for a recursion



on the Cantor normal form may be given as follows. In each case,
the preceding cases are assumed to be false.
Case 1: k>0
Case 2: ¢g =0
Case 3: 99 > 1
Case 4: ¢ =1
Case 5: g < kT
For 0 < k* 1 w a function f, € F may be defined using the
above recursion.
1. fureng + -+ fareos,
fx where X is a chosen scheme of rank o
: f/@+€ ’ f6
 fe(A) = AT
f(A) = )\-‘rfe()\)

Lemma 15. For o < k™ ] w the following hold.
0. fo=.0.
1. foi1 =+ o+ 1.
2. If o € Lim and Cflo) < k then f, =. sup,i., for
3. If Cflo) =kt and o' < o then [, <, [,.
It follows that (f,) is a type 2 chain.

T 00 1

Proof: The proof is by induction on o. Case 0 is immediate. Re-
maining cases will be denoted i.j, where i is the case of the lemma
and j is the case of the Cantor normal form recursion. Case j=1
falls into two subcases, l.a, ¢¢ = 0, and 1.b, ¢¢ > 0, In case
1.1.a, foy1 =+ furers, + -+ foo41 =« fo + 1. In case 1.1.b,
Jos1 =« furns, + -+ faros, + f1 =« fo + 1. Case 1.2 is similar
to case 1.1.a, and cases 1.3, 1.4, and 1.5 are similar to case 1.1.b.
Case 2.2 follows by properties of schemes. Cases 2.1.1, 2.1.b, and
2.3 then follow by ordinal arithmetic. Case 2.4 is impossible. Case
2.5 follows by induction and ordinal arithmetic. Case 3.4 follows
because f,(A) < AT for o < k*. Case 3.5 follows by induction and
ordinal arithmetic.

Lemma 16. If U is a normal ultrafilter on k then f, represents ic
in V*/U. It follows that (f,) is a type 3 chain.

Proof: First, if I’ is a definable function on ordinals and fi,..., f,
represent oy, . ..,y then the function h where h(§) = F(f1(£), ...,



fn(&)) for & < K represents F'(ay, ..., ay); this follows by Los’ theo-
rem. Second, since U is normal, the identity function represents k.
Third, by the first fact, f.+ (more properly any extension of it to
k) represents k1. Fourth, if ¢ < kT then f, represents o (induction
on ¥; see lemma 6 of [10]). The claim follows by induction on the
five cases of the recursive definition of f,, using the first fact for +,
-, and ordinal exponentiation.

For 0 < k™ T w, a set T, will be defined. An ordinal o | A <
AT 7 w will be defined by recursion on o, for those A € In, such
that A ¢ T,,. The definition is by recursion on the Cantor normal
form, with cases as follows.

In case 1, T, = U/ T+, and 0 | A = Z?:k(ﬂo*ei ;) LA

In case 2, T, =T%, and o | A equals the rank of X | \.

In case 3, T, = T+eo UTs,, and o | A= (kT L A) - (6o | N).

In case 4, T, =0, and o | A = \™.

In case 5, T, = T,,, and o | A = AT,

Lemma 17. For A ¢ T,, fs [ A= fox and fo(A) =0 | A

Proof: By a straightforward induction on o, with cases as above.

The following is an improvement to the bound of theorem 11 of
[10].

Theorem 18. (f,) is a type 4 chain.

Proof: This follows by lemmas 15, 16, and 17

6. Continuity of H*.

In this section some further remarks to those of [9] will be made
on the question of the continuity of the Gaifman operation. The
following theorem is a special case of lemma 4 of of [9]. For conve-
nience a proof is given.

Theorem 19. Suppose ¥ is a scheme for k, X C Ing, and A € In,.
If\ ¢ Ts and A € H'(X) then A € H*(X).



Proof: The proof is by induction on ¥. Case 0 follows by definition
of H* and H® = Id. For case 1, by the definition of H* and lemma 1
of [DowdIR], H"(X) N A is stationary. By definition of T,,, A & 7.
It follows inductively that A € H"(X). Hence, A € HH" (X)) =
H™!(X). For case 2, for any £ <n, A ¢ T,,, so A € H¢(X); thus,
A € NecyH7¢(X). For case 3, for any £ < A\, A ¢ Ty, , so A € H7¢(X);
thus, A € Ago ) H7(X).

The “continuity” of H* at a Mahlo cardinal x is the assertion
that, for any X C In’, if § C, HY(X) for all ¥ € Sc,, then
S C; H*(X). The notation “Gcont” will be used to denote this
statement. The following theorem was stated in [9]; a detailed
proof will be given here, along with an additional fact.

Theorem 20. For X C Ing the following are equivalent.

a. If S Cy H*(X) for all ¥ € Sc,, then S C; H (X).

b. For any stationary set S such that S N H(X) = 0 there is
a stationary subset 8" C S and a ¥ € Sc., such that S' N
H*(X) = 0.

c. For any stationary set S such that SN H(X) = ) there is a
stationary subset S' C S and a ¥ € Scy, such that px™(\) <
fs(A) forall X e S'.

If H*(X) is stationary these hold iff

4 pS(H (X)) = K+,

Proof: a<b follows by logic, simple set theory, and the fact that
S & Tiff S"NT # () for some stationary set S C S. b&se follows
using lemma 6. pX (H*(X)) > T because for all &, H*(X)) C, H”
and pi (H*(X)) = 0. Suppose px(H*(X)) > k7. Let S C X be
a stationary subset such that S <z H*(X) and px(S) = ™. For
any % € Sc, there is a stationary subset T' C X such that S C; T
and p3 (T) = o. By maximality S C; T C, H*(X). But clearly
S ¢y H*(X). This proves a<d.

Let fi : kK — Kk be the function where f,(a) = |a|T. For a
regular uncountable cardinal x, The following two principles may
be defined.

D1. If f <, f then for some ¥ € Sc,, {a: f(a) < fg(A)} is club.

D2. If f <, fy then for some ¥ € Sc,, {a : f(a) < fs(N)} is
stationary.



The names are those used in [3]. D1 is also called the bounding
principle. D2 is well-known to be equivalent to the “weak Chang
conjecture” at k (see [5]).

It was claimed in [9] that D2 implies condition (c) of theorem
20. We have not been able to prove this, but only the following.

Theorem 21. If D1 holds at k then Gcont holds at k.

Proof: We may suppose X is stationary, since otherwise Gcont
holds trivially. Then X — H(X) is stationary (see theorem 2 of of
[9]). Let f(a) equal px™*(a) if « € X —H(X), else 0. Since f < f4,
for some X, D = {a: f(a) < fu(A)}is club, and so (X —H(X))ND
is stationary. Thus, condition (c) of theorem 20 follows from D1.

The fact that D1 is required for the preceding theorem suggests
that Gcont may be false in L. Indeed, it might be possible using
the methods of theorems VI.6.1" and VII.1.2" of [4], to construct in
L a stationary subset S C X — H*(X) such that S C H”(X) for all
Y in a chain of schemes.

For another fact of interest, it is shown in [1] that if if V' = L
and & is not ineffable (indeed if " holds), then there is a function
fo o & — K such that fo(a) < fi(a) for all @ < &7, and fx <. fo
for all ¥. In particular, D2 is false at . Letting S, = {\ € In, :
pr(A) > fo(N)}, it follows using lemma 7 that S, C; H>(In) for
all ¥. But it is not clear whether S, &, H*(In?) follows from the
construction of fg.

Although peripheral to the subject under consideration, the fol-
lowing theorem provides an example of another use of lemma 7.

Theorem 22. If k is the smallest greatly Mahlo cardinal then D1
is false at k.

Proof: Since « is the smallest greatly Mahlo cardinal, pgp(\) <, AT
for A € In,. On the other hand, since « is greatly Mahlo, for any
Y, pr(k) > o, so by lemma 7 {\ : pr(\) > fx(\)} is stationary.
Thus, D1 does not hold.

7. Axiom G.



In this section some improvements to section 8 of [8] will be made.
For a class Z let LimZ denote the map X +— Lim(X) N Z. Recall
that for F': Pow(Inac) — Pow(Inac), F** is the function such that,
for, X C Inac, F*(X) = {x € InacN X : F*(X N k) is stationary
for all ¥ € Sc,.. For functions F, G from classes to classes, say that
F CGif F(X)C G(X) for all X. Familiarity with class schemes
is assumed. The following are readily verified, where ¥ is any class
scheme .

o If Y C Z then LimY C LimZ.

e If F C G then F* C G*.

Recall the operator H of [8], where x € H(X) iff k € InacN X
and XNk is stationary. It is readily seen that for X C Inac, H(X) =
LimI*(X). It was erroneously stated in section 8 of [8] that LimlI*
equals Hy. The fact of interest is that Mahl = Hy(Inac) = H(Inac),
so that axioms M1-M4 and G agree.

Following is a generalization of lemma 1 of [8] (which is the case
Z = Ord). An error in the proof of part 2 is repaired.

Lemma 23. Suppose Y C Z.
0. Y isY-closed
1. If X is Y -closed then LimZ(X) is Y -closed.
2. If n € Ord and (X¢ : € <) is a sequence (coded as a class)
of Y-closed classes then Mgy X¢ 15 Y -closed.
3. If (X¢ : € € Ord) is a sequence (coded as a class) of Y -closed
classes then O, 0pgXe is Y-closed.

Proof: In case 0, Lim(Y)NY C Y . In case 1, by hypothesis
Lim(X)NY C X. So Lim(Lim(X)NZ)NY C Lim(X)NY C
Lim(X) N Z. For case 2, Lim(N:X¢) NY C Lim(X¢) NY C X;
for any £. For case 3, suppose o € Lim(AX¢) NY. Let o, be a
sequence in A¢X¢ny converging to . If £ < a then some suffix of

the sequence converges in X¢ to a, so a € X¢. But this shows that
(NS AfXg.

Following is a strengthened version of lemma 4 of [8].

Lemma 24. Suppose Y C Z, and Y 1is stationary.
0.Y isY-club
1. If X is Y-club then LimZ(X) is Y -club.
2. If n € Ord and (X¢ : € <) is a sequence (coded as a class)
of Y-club classes then Ne¢eyXe is Y -club.



3. If (X¢ - £ € Ord) is a sequence (coded as a class) of Y -club
classes then A, 0pgXe is Y -club.

Proof: By lemma 23, it suffices to show that the resulting class is
unbounded. In case 0, Y is unbounded since it is stationary. In
case 1, since Y is stationary Lim(X) N Y is unbounded, whence
Lim(X) N Z is unbounded. For case 2, W = Mg, Lim(X¢) is club,
so W NY is unbounded; and W NY C Neepy Xe. For case 3, W =
AeLim(Xe) is club, so W NY is unbounded; and W NY C A X,.

Following is a strengthened version of lemma 6 of [8]. An error
in the proof is repaired.

Lemma 25. Suppose Y C Z C Inac. The following are equivalent.
a. Y 1s stationary.

. For any scheme X, LimZ=(Y) is Y -club.

. For any scheme X, LimZ=(Y') # 0.

. For any scheme X, LimI>(Y) # ().

QLo o

Proof: b follows from a by lemma 24. ¢ follows from b trivially. d
follows from ¢ by remarks above. a follows from d by lemma 5 of
[8].

Corollary 26. Suppose X C Z C Inac, and X 1is stationary. Then
for any scheme X, LimZ>(X) is stationary.

Proof: This follows by the lemma, and lemma 3 of [8].
Corollary 27. If X C Z C Inac then LimZ*(X) = H(X).

Proof: k € H(X) iff k € X and X N« is stationary, iff K € X and
LimZ*(X N k) is stationary for all ¥ € Sc”, iff x € LimZ*(X).

Recall that My is defined by recursion on ¥ as follows.
0. Inac.

1. LimMg_ (Ms_.).

2. NeeyMs,,, -

3. A£<77M2505-

Axiom Ay is given by the following clauses.

0. My is Ms-club.



1. If X is Myx-club then LimMy(X) is Mx-club.

2. If n € Ord and (X, : £ < ) is a sequence (coded as a class)
of My-club classes then Mg, X¢ is My-club.

3. If (X¢: € € Ord) is a sequence (coded as a class) of My-club
classes then A¢ X, is Mx-club.

It is readily verified that My C InacU {0}.

Theorem 28. Suppose ¥ is a scheme.
a. Ms = H*(Inac).
b. As, holds iff My, is stationary.

Proof: Part a follows by induction on X, using corollary 27 at stages
in case 1. For part b, suppose Ay holds; then by lemma 25, with
Y = Z = My, My is stationary. Suppose My, is stationary; then
by lemma 24, with Y = Z = My, axiom Ay, holds.

It follows that an inaccessible cardinal « is greatly Mahlo iff V
satisfies axiom G, a question left open in [8].

A justification of axiom G might involve an “informal” induction
on Y. However, a difficulty arises in justifying the claim that My is
unbounded. The idea is, that V' is My; but formulating this seems
to involve additional complications. Axiom G appears likely to be
true; but some reformulation might be required before a sufficiently
“rigorous” justification can be given. The axiom scheme G, where
Y is any scheme definable from a parameter, might be justifiable
by the methods already considered. Further consideration will be
left to further research.

8. Another rank.

In [7] an approach was considered to the construction of stationary
sets. Some additional remarks will be made here. Suppose x € Inac.
A superscheme, of rank o, for &, is a pair ¥ = (0, ¢) where 0 < k™7
and ¢ is a function whose domain is the set of limit ordinals o < o,
of cofinality at most k. For a € Dom(¢), ¢(«) is as in the definition
of a scheme. Ssc, denotes the set of superschemes for x.

For convenience conventions as in [7] will be used. A super-
scheme is used to iterate H on a subset X C In,. For o < o a
recursive definition will be given of the result X, of iterating to



stage a. The subset X, » C X for each inaccessible cardinal A < x
will be defined also.

Xa Xa,)\
a=0 X XNA
o = 6 +1 H(Xﬁ) H(Xg’)\)
Cf(Oé) <K ﬂ§<nXa§ ﬁ§<,7Xa5’)\ if n < A
XNAXifA<n<k
Cf(Oé) =K A§<HXOC§ A§<)\Xa5,)\

If Cf(a) =™, A € X, iff A € X Nk and Xj) is stationary for all
B <oa;and Xon = XoNA

For convenience some theorems from [7] will be reproduced,
with some simplifications and corrections. As an initial observation,
Xo G X and X, ) S X N A for all A € In,,. The proof is a simple
induction.

Given X € Sscy, for a < o define the subset T, C k recursively
as follows.

0: 0.

1: Tg.

2: N+ 1) UUe T,

3: V§<RT0¢5'

4: 0.
It is readily verified that T, is thin.

Theorem 29. Suppose ¥ € Ssc,, and X\ € In,. XoNA C X, 5, and
if N € Ty, equality holds.

Proof: By induction on a.

If o =0, XoN A= X, by definition.

If a= /64— 1, Xﬁ-i—l NA= H(Xg) NA= H(Xg N )\) g H(Xg)\) =
Xpt1,a-

Suppose Cf(a) < x. If n < A then Xo N A = (Neey Xop) N A =
Ne<n(Xag M A) € NecyXagn = Xan If 7 > A the next to last
expression may be replaced by Xy N A.

If Cf(a) = K then Xo NA = (DecnXag) NA = Decn(Xo, NA) C
A§<)\Xa§7>\ = Xa)\.

If Cf(a) = kT then X, = X, N A by definition.

It is readily verified in all cases that equality holds if A ¢ T,,.



Theorem 30. Suppose ¥ € Ssc,, and 3 < a < 0. Then X, C; X3.

Proof: Since the claim for § = « is immediate, § < « may be
assumed. The proof is by induction on «.

Ifa=0,0=a.

Ifa=~+1,if 3 <~ then X, C X, C; X;.

Suppose Cf(a) < k. If f < o then 8 < «¢ for some ¢ and
Xao € Xop St Xp.

Suppose Cf(a) = k. If § < a then 8 < a¢ for some ¢ and
Xao Gt Xop St Xp.

Suppose Cf(a) = k™. The claim is proved by induction on f.

If =0 then X, C; X.

For g =~ 41, suppose A € X,. Then except for a thin set of
A, A € X, Also, Xp ) is stationary, so except for a thin set of A
Xp N A is stationary. Thus, except for a thin set of A, if A € X,
then \ € HXg = Xﬁ_,_l.

If Cf(a) < & then inductively on 3, X, Sy X, for & < n,
whence X, C; Xp.

The case Cf((3) = & is similar to the case Cf(a) < k.

Suppose Cf(8) = ™. If A € X, then X, , is stationary for
7 < a, and a fortiori for v < 3, so A € Xpg; that is, X, C Xp.

As a corollary, if f < a then 841 < a, so X, C; X1 = H(Xjp),
which shows that X, >g Xg. Thus, as long as X, remains station-
ary, a superscheme yields an ascending chain. The “superscheme
rank” pss.(k) of an inaccessible cardinal k may be defined as the
smallest ordinal such that for every p’ < p there is a superscheme
of rank p’ < p such that X, is stationary.

In [7] it was claimed that, mod =;, X, is independent of X.
However the proof is not correct, and this question is open.
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