I o e

Introduction. ........... .. 1
Formal logic. ........ ... 1
Axioms of equality. ............ ... 4
The Integers. ........oiiiii e 5
Informal set theory. ........... ... ... . ... .. ... 7
Structures and models. .......... ... ...l 11
Models of Peano arithmetic. .............................. 15
The real numbers. ............ ... ... 17
Computability. ............ .. .. 23
. Independence. ............ . ... .. 27
L . 31
. Proper classes. ........... i 34
. Ordinals and cardinals. .................................. 35
. The real numbers (IT). ......... ... . ... .. 42
. The continuum hypothesis. .............................. 48
. Absoluteness. ............. i 50
. Admissible sets. ........ ... 53
. Formalization of syntax. ................................. 61
. Constructible sets. .............. .. .. i 63
.CHistruein L. ... .. ... .. .. .. .. . . . . . 68
. Forcing. ... ... 70
. CH is consistent. .......... ... ... ... i 81
. Clubs, stationary sets, and diamond. ................... 84
eSS, o 86
. The Suslin hypothesis. ................................... 87
. Diamond implies =SH. .................................. 920
. Iterated forcing. .......... .. ... i 91
. Martin’s axiom. ............. 94
. SHis consistent. ............. .. i 96
. Inaccessible cardinals. ...................... ... 97
. Mahlo cardinals. ............ ... ... ... 100
. Greatly Mahlo cardinals. ...................... ... ..., 104
. Reflection principles. ........... .. ... ...l 108
. Indescribable cardinals. ................ ... oL 109
cURrapowers. ... 112
. Measurable cardinals. .......................... ... ..., 113
. Indiscernibles. ....... ... ... ... 120
0T 121
. Relative constructibility. ..................... ... ..., 126
. Direct limits. ........ ... ... 128
. L[U] and iterated ultrapowers. ......................... 131
. The sharp operator. .................. ..., 132



43. Cardinals larger than measurable. ..................... 133

44. Kunen’s theorem. ............. ... ... ... .. ... .. 143
45. Rudimentary functions. ............. ... . ... ... .. 145
46. The Jensen hierarchy. ............... ... ... ... ..... 151
47. Fine structure. ...... ... . .. ... 157
48. Upward extension. ............... . ... .. 164
49. Fine structural ultrapowers. ........................... 167
50. The covering lemma. ................................... 173
51. Cardinal arithmetic. ........... ... .. ... .. ... ... ... 176
B2, SQUATE. ...ttt ittt 178
53. Independence of AC. ... ... .. ... ..o 180
54. Proper forcing. ........ ... .. i 181
55. Core models. .......... ... . 183
56. Comsistency strength. ................................... 188
57. Descriptive set theory. ................ ... ... .. ........ 190
58. Determinacy. ........... .. i 199
59. Determinacy and descriptive set theory. .............. 202
60. Determinacy and O#. .......... .. ... i i, 207
61. Determinacy and large cardinals. ...................... 211
62. Forcing axioms. ...............oiiiiiiiiiiiiiiiiiien... 212
63. Some observations. ............ . ... i 213
Appendix 1. Axioms for plane geometry. ................. 214
Appendix 2. Computability (II). ..................ooo.. 227
References ........ ... i 235
Index. ... 241
Index of symbols. ............... i 246



1. Introduction.

As the title suggests, this book is intended to provide an intro-
duction to modern set theory, to readers with little or no knowledge of
mathematical logic. As such, it should be useful to anyone interested
in learning about modern set theory, without having to wade through
an entire text such as the “Millennium Edition” [Jech2]. Readers might
fall in to two categories, those who are not interested in reading further,
and those who are. For the latter, this book hopefully provides useful
orientation.

It is hoped that advanced high school students will find this book
useful. Admittedly only the most intrepid student would finish it in high
school; but the first 15 chapters, and the two appendices, are hopefully
fairly accessible. Resources for advanced high school mathematics are
mainly in calculus and linear algebra, with some resources in other ar-
eas. Resources in mathematical logic have typically been scarce, one
example being a 1958 book on Godel’s proof [NagNew]|. The website
[Wiki, Mathematical logic] has overviews of various topics, and links to
additional resources.

The present book contains an introduction to mathematical logic
sufficient for its purposes, and thus should serve as a useful introduction
for other purposes. Various other topics are covered for the same reason,
so that the book is fairly self-contained.

Set theory, like any branch of contemporary mathematics, consists
of an overwhelming volume of technical definitions and arguments. On
the other hand, non-technical introductions sometimes engage in cir-
cumlocutions intended to avoid technical detail, so convoluted that they
become confusing. The present book pursues an intermediate course,
covering technical details in outline and giving references, so that the
main content can be given with some discussion of technical details.

The book consists of a series of sections, each covering a particular
topic. The table of contents gives a list of the sections. The end of a
proof is denoted using the symbol “<”. The author thanks Dr. Herbert
Enderton for reading a draft of the manuscript.



