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1. Introduction.

1. Overview. Abstract algebra is a subject whose scope and applicability continue to increase.
Physical theories and engineering methods have come to make use of concepts from algebra to simplify their
developments, and in some cases make essential use of them. Algebra has become indispensable throughout
mathematics, and an increasingly rich subject in its own right. In the last twenty years, algebra has become
increasingly relevant to computer science.

This text is intended as an introduction to abstract algebra for advanced undergraduates. Much of it is
accessible to advanced third year students, and the first nine chapters can be covered even earlier. There are
many introductions to abstract algebra, so a new one should have some distinguishing characteristics. The
main distinguishing characteristics of this text are the coverage of universal algebra and category theory, and
their use in the introductory presentation of topics in algebra; and the coverage of various topics outside the
main line of classical abstract algebra, which are of interest. These include topological spaces, model theory,
computability theory, point lattices, and some algorithms.

The prerequisites of the text are high school mathematics, and a willingness to read. Familiarity with the
usual “fundamentals”, namely sets, relations, functions, the axiomatic method, and fundamental properties
of the integers and rational, real, and complex numbers is assumed. Occasionally a theorem from elementary
calculus will be needed, including basic properties of infinite sequences and series. Various background facts
will be summarized below, following a description of the contents.

Chapter 2 presents the basic definitions and theorems of universal algebra. This “quantifies” the obser-
vation that the basic theories of the basic structures considered in abstract algebra involve various analogous
facts. Indeed, basic facts about a particular type of structure can be proved as corollaries of facts proved
in chapter 2. This serves to better organize the material, and make its presentation shorter. Further, the
student is introduced as soon as possible to unifying themes that have been discovered among the branches
of mathematics.

Chapter 3 is also a preliminary chapter, covering the basic theory of orders. In addition to its use
throughout mathematics, the study of orders is a branch in its own right. Basic facts about algebraic
structures can be better understood in terms of concepts from order theory.

Chapters 4 to 9 cover the classic introductory topics of abstract algebra, namely groups, permutation
groups, rings, polynomials, modules, and fields. Results from chapters 2 and 3 are used to put various facts
in a general perspective.

Chapter 10 begins the “second half” of the text, which attempts to build on the first 9 chapters to
cover further topics in abstract algebra in an advanced undergraduate course. It presents a comprehensive
introduction to linear algebra.

Chapter 11 covers model theory. This has various uses in algebra, indeed a “type of algebraic structure”
is usually the models of some set of axioms. The material covered is sufficient to consider many of these
uses. For similar reasons, chapter 12 covers basic computability theory; this allows giving formal discussions
not only of decidability, but also of various algorithms which have been devised in the last twenty-five years
by algebraists and computer scientists. Hilbert’s tenth problem is also covered.

Chapter 13 gives a thorough treatment of basic category theory, which has been the medium of much
unification in mathematical thought since its introduction in the 1940’s. Students of algebra should master
basic category theory as early as possible, and chapter 13 is intended to facilitate this. Later chapters assume
that the student has mastered it. Material covered includes the basic facts concerning Abelian categories.

Chapters 14 to 16 return to traditional topics in abstract algebra, covering a variety of topics including
solvability and representation of groups, and general topics such as decomposition in modular lattices.

Chapter 17 covers topological spaces. Topology and algebra are intertwined throughout mathematics,
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and a self-contained introduction to topology is useful in an algebra text. Using category theory, a robust
introduction can be kept brief.

Chapters 18 and 19 cover tensor algebra and homology, adding to the student’s mastery of category
theoretic machinery. Chapter 20 covers further topics in rings and fields. Some basic topics from “com-
mutative algebra” are covered, for example the Nullstellensatz. Chapters 21 to 23 cover topics which are
not usually included in introductions to algebra, and consequently not introduced as early as their utility
warrants, namely lattice orders, convexity, and point lattices.

Chapters 24 to 26 provide brief introductions to topics in advanced branches of mathematics (algebra
and topology, algebraic geometry, algebraic number theory), giving examples of how basic algebra is used.
Chapter 27 gives an introduction to Lie group theory, which has applications throughout the sciences. Finally,
Chapter 28 contains some algorithms for solving computational problems in algebra.

Appendix 1 covers some topics from basic set theory needed for some proofs. Appendix 2 covers the
basic linear algebra of finite dimensional vector spaces over a field, including determinants; this is assumed
in chapter 10, and sometimes in earlier sections. Appendix 3 covers basic facts about graphs, which are
occasionally useful in algebra.

This book was typeset using the “tetex” release of TeX, which includes various files such as eplain, psfig,
and AMS fonts. There are various online books which cover material as in chapters 19, 20, 24, and 26, and
other chapters, [Ash] and [Milne] for example.

“without loss of

2. General notation. The abbreviations “iff” for “if and only if”, and “w.l.g.” for
generality” are used in the text. The propositional connectives =, A,V,= (not, and, or, implies) are used;
and the quantifiers V, 3 (for all, there exists). These are discussed in chapter 11. The notation used for sets
is as follows.

- x € S denotes that x is an element of the set S.

- z ¢ S denotes that z is not an element of S.

- {z :...z...} denotes the set of z such that ...z... is true; this has some common variations, such
as{r € S:...x...} todenote {z : z € SA...z...}, or {f(z) :...x...} to denote {z : Jy(y =

- § =T denotes that the sets S and T are equal, that is, contain the same elements.

- 0 denotes the empty set, the set containing no elements. A set is called empty or nonempty according
to whether it equals 0.

- SCT,orT DS, denotes that x € S = x € T'; we say S is a subset of T', or T is a superset of S.

-SCT,orT DS, denotes that S C T but S # T; we say S is a proper subset of T'.

- SUT denotes {z : x € SV z € T}, the union of S and T. More generally if C is a collection of sets,
UC denotes {z:3S € C : z € S}; note that JO = 0.

- SNT denotes {z : z € S Az € T}, the intersection of S and T. More generally if C' is a nonempty
collection of sets, [|C denotes {z : VS € C : x € S}. If there is a “universe” U such that for all sets
under consideration S C U, then ()0 can be taken as U.

- If there is a universe U such that for all sets under consideration S C U, then the complement S¢ of S
equals {zr €U :x ¢ S}.

- Sets S and T are called disjoint if SNT = (.

A collection of sets may be denoted {S,} where a ranges over an “index set”; this is sometimes more
convenient than using {S} to denote it. As an example of its use, given {S,} the disjoint union is defined
to be the set of pairs {a,z) such that z € S,. Thus, each element in the union is “tagged” by the set from
which it came (by the index of the set, although the set itself could equally well be used).

An ordered n-tuple {(z1,...,z,) is a list of n elements, in order, with repetitions allowed; z; is called
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the ¢th component. Two ordered n-tuples are equal exactly if their ith components are equal for all i. Given
sets S1,..., Sy, the set {{z1,...,2,) 1 z; € S;,1 < i <n} is called the Cartesian product of Si,..., Sy, and
denoted S; X --- x S,. If the S; are all the same set S we write S™ for the Cartesian product.

3. Functions and relations. An n-ary relation or predicate on a set S is a subset of S™. If R is an

n-ary relation we write R(z1,...,o,) as a synonym for (z1,...,z,) € R. An n-ary function from S to T is
a subset f C S™ x T such that for each (x1,...,x,) € S™ there is a unique y such that {z1,...,z,,y) € f;
we write f(x1,...,2z,) =y for this y, which is called the value of f at z1,...,z,.

Although set-theoretically an n-ary function is always a set of n + 1-tuples, to emphasize the fact the
set of pairs is sometimes called the “graph” of the function.

Infix notation may be used for binary relations and functions, that is, we may write xz fy or xRy rather
than f(z,y) or R(z,y). Parentheses may be used to indicate the order of evaluation of complex expressions
involving infix function symbols. We mention one other point regarding symbols. The same symbol is often
used for several different operations (in computer science terminology, the symbol is “overloaded”). This
causes no confusion, because the operation in question is determined by what domains the arguments are
from (their “types”). For example, 0 is used for the additive identity of a vector space, or of the field.

The notation f : S — T denotes that f is a function from S to T; S is called the domain of f, and
T the codomain. Note that an m-ary function from S to T is essentially the same as a function from S™
to T. For §' C S f[S'] denotes {y € T : f(z) = y for some z € S'}; f[S'] is called the image of S’, and
the image of S is called simply the image, or the range. The notation f~![T"] for T’ C T is used to denote
{x € S: f(z) € T'}, which is called the inverse image of T'. We assume familiarity with the properties of
these operations, which are given in exercise 1.

The arrow notation may be used to avoid giving a name to a function. We may write  — E where FE
is some expression involving z, to denote the function f where f(z) = E for all .

Another notation for application of functions, the “exponential” notation, is occasionally used in the
text. If 0 : S— T and z € S, 7 may be used to denote o(z); and for R C S R? denotes o[R].

Functions or relations are said to be equal if they are equal as sets. If f : S+— T and g : T — U their
composition go f : S — U is the function such that g o f(z) = g(f(z)) for all z € S. The requirement
that the codomain of f be given and equal the domain of g can be relaxed; f[S] C T suffices to define the
composition. In algebra the codomain of a function is often given; further remarks on this point are made
in chapter 13. Composition of functions is associative; that is, if h : S; — S, g : S2 — S3, and f: S3 — Sy,
then fo(goh) = (fog)oh. The identity function ts : S + S on S is defined by ts(z) = = for all x € S.
Clearly foig =uvro f=f.

The function f : S+ T is called injective if f(z) = f(y) only if x = y; surjective if its image is T'; and
bijective if it is both injective and surjective. The composition of injections is an injection; of surjections a
surjection; and of bijections a bijection. A bijection is also called a one to one correspondence.

THEOREM 1. Suppose f : S +— T then the following are true.
a. f is injective iff S = () or there is a function f” : T — S such that f* o f = 1g; such an f’ is called a
left inverse of f.
b. f is surjective iff there is a function f# : T + S such that f o f® = i7; such an f® is called a right
inverse of f.
c. f is bijective iff there is a function f~' : T+~ S such that f~'o f =15 and fo f~! = i7. In this case
there is a unique such f~!; it is a bijection, and is called the inverse of f.

ProoF: For part a, suppose S # 0. If fL exists, suppose f(z) = f(y) and apply f¥ to both sides; this
shows f is injective. If f is injective, for each y such that f(z) = y for some z let f'(y) = = and define
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fE(y) arbitrarily otherwise. For part b, if f2 exists, consider f£(y) for y € Y’; this shows f is surjective. If
f is surjective, one may choose an arbitrary = with f(z) =y for f%(y). To prove part ¢, observe that

fr=flow=flofoff=usoff=f"

if fL, f® are left and right inverses; in particular the inverse is unique (the case S = ) follows also).

Suppose S’ C S, T' C T. Given a function f : S +— T, its restriction to S’ is defined to be fN (S’ x T);
we denote this f[S’. If f':S' — T is given and equals f[S’ we call f an extension to S of f'. If f[S]CT'
we call fN (S x T") the corestriction of f to T".

A partial function from S to T is a set of pairs such that for each s € S there is at most one pair whose
first element is s. It is thus a function (possibly empty) f : S’ — T where S’ C T'; S’ is the domain of f.
Considered as sets of pairs, the partial functions ¢ : S — T are partially ordered by inclusion; ¢; C ¢o iff
Dom(¢,) C Dom(¢2), and for x € Dom(¢1) ¢2(x) = ¢1(x). This order on the partial functions is called the
approximation order. The union of a chain of partial functions is readily verified to be a partial function.

The characteristic function of an n-ary relation R is the n-ary function whose value is 1 if R is true, and
0 if R is false. The codomain might be, for example, a ring where 0 # 1. A useful binary function on S is the
The delta function, ds(z,y), or d(z,y) if S is clear, which equals 1 if z = y, else 0. This is the characteristic
function of the equality relation on S. It is also customarily denoted d,,, and called the “Kronecker delta
function”.

The transpose R! of a binary relation R is defined to be the binary relation such that Rf(z,y) iff R(y, z).
A binary relation R on a set S is called

- reflexive if zRx;

- symmetric if y Rz whenever zRy;

- transitive if x Rz whenever xRy and yRz;

- an equivalence relation if it is reflexive, symmetric, and transitive.
If = is an equivalence relation the set {y : y = z} is called the equivalence class of z, and denoted [z]. A
partition of a nonempty set S is a collection of nonempty subsets P,, called the parts of the partition, such
that S = Uy,S, and P,, Ps are disjoint for all a # 3.

THEOREM 2. Suppose S is nonempty. The equivalence classes of an equivalence relation on S are the
parts of a partition of S. Conversely given a partition of S, the relation of belonging to the same part is an
equivalence relation. These maps between equivalence relations and partitions are inverse to each other.

ProOOF: Exercise.

Given an equivalence relation on a set S, or equivalently a partition of S, by a system of representatives
is meant a subset R C S such that R contains exactly one element from each equivalence class, or part of
the partition.

4. The number systems. We use N/, Z, Q, R, and C to denote the natural numbers or nonnegative
integers, integers, rational numbers, real numbers, and complex numbers respectively. We assume familiarity
with the basic properties of these structures. We also use R¥ for the nonzero reals, R> for the nonnegative
reals, and so on. The notation R” may be used in any ring (rings are defined in chapter 6; both Z and R
are rings, so the notation Z# is another example). The notation R* is often used, especially for a field, but
the asterisk has so many uses in algebra that this notation is less confusing. RZ may be used in any ordered
commutative ring.

The natural numbers have the property that any nonempty set of natural numbers contains a least
element. A consequence of this is the principle of mathematical induction, which states that if S C N,
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0 e S,and n+1 € S whenever n € S, then S = A. One may strengthen the induction hypothesis “whenever
n € S” to “whenever k € S for k < n”. Another way of stating induction is, if n € S whenever k € S for
k < n then S = N, since for n = 0 the hypothesis is vacuously true.

A function f: N'x S — S may be defined “recursively” from functions g : S — Sand h: N xSxS — S
by the equations f(0,z) = g(x), f(n+1,z) = h(n,z, f(x,n)), in the sense that there is a unique such function
satisfying these equations. This is a fact of elementary set theory, and we will assume it.

A fundamental fact about Z is the division law, which states that for p,d € Z, d > 0, there are unique
integers ¢, r, the quotient and remainder respectively, such that p =qd+r and 0 <r < d. If r =0 d is said
to divide p, for which we write d|p. The remainder when p is divided by d will be denoted pmodd. The
division law can be proved from a suitable set of axioms for Z.

The factorial function is that mapping the nonnegative integer n to n! =1-2---n. In a ring we let the
empty product equal 1; thus 0! = 1. The quantities

(n) n! nn—1)--(n—k+1)

k)~ Kn—k)! k(k—1)---1

for nonnegative integers n, k with 0 < k < n are called the binomial coefficients. These are readily verified

()= (=2 () =(%)+G5)

where 0 < k£ < n. From this, the binomial coefficients are readily seen to be positive integers.

to satisfy

A set S is called finite if there is a bijection from S to {1,2,...,n} for some n; in this case n is unique,
and is called the cardinality of S. Given finite sets S and T, |S| < |T'| iff there is an injection from S to T'.
The real numbers are sometimes extended with symbols 00, which obey some algebraic rules as follows,
where r denotes an ordinary real number.
- =0 < r < +400.
-r++00 =200+ 1r = t00.
- if r > 0 then r - £o00 = 00 - r = o0
- if r <0 then r-+to0 = 00 - r = Foo.
- o0 + oo = +o0.
- +oo-+o0 = +o0.
- +00-F0o0 = Fo0 - +00 = —00.
Other algebraic structures are sometimes extended in this way, such as an arbitrary field; in some cases only
one of the two infinities is needed.
The function, floor “floor” function |z | mapping R to Z maps x to the largest integer n such that n < z.
The function, ceiling“ceiling” function [z] maps = to the smallest integer n such that n > . These functions
obey various identities which follow immediately from the definitions; see [Knuth] for some of these.

5. Set theory. A set is called infinite if it is not finite. In algebra many facts about finite sets can
be generalized to infinite sets. Introductory texts often omit the infinite case, to avoid appealing to the
necessary set theory. However, this can be kept to a minimum, and we will frequently give the infinite
generalizations, assuming the necessary facts from set theory. Some discussion of these is given here, and
further discussion in appendix 1.

The notion of an infinite Cartesian product is an example. If I is a set, we can consider the notion of
a sequence (x;) of elements from some set S, indexed by (the index set) I; x; is called the ith component.
Set theoretically this is just a function from I to S. Given a set S; for each ¢ € I, the Cartesian product
x;S; of the sets is the collection of sequences {x;) where x; € S;. Set theoretically, this is the collection of
functions f : I — U;S; such that f(i) € S; for all i € I. If S; = S for all i we write S’ for the Cartesian
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product, or what is the same thing the set of functions from I to S. An n-tuple is the special case where
has n elements. Technically, the earlier characterization is not the same thing as a sequence on an n-element
index set, but there is an obvious correspondence which can almost always be ignored.

It is intuitively clear that the Cartesian product of nonempty sets is nonempty. This may be shown
using the principle of higher set theory known as the axiom of choice; in fact it is equivalent to it. The
axiom of choice states that given any collection of nonempty sets there is a function (from the collection to
its union) which selects one member from each set.

The collection of subsets of a set S is called the power set of S; in this text it is denoted Pow(.S).
Collections of subsets of S are often considered; these are just subsets of Pow(S).

Let S be a collection of subsets of some set. A maximal set in S is one which is not properly contained
in any other set in the collection. A chain in S is a collection C of sets from S, such that for any A and B
in C, either A C B or B C A. S is said to be inductive if for every chain C in S there is a set in S which
contains every element of C' (often in applications this is the union of the sets in C'). The maximal principle
states that an inductive collection of subsets contains a maximal element.

The maximal principle is quite useful in handling infinite sets in algebra. For example as we will see it
can be used to show that every vector space has a basis, which need not be finite in the general case.

The maximal principle is another example of a principle of set theory which, given the other axioms of
set theory, is equivalent to the axiom of choice. In chapter 3 a generalization, called Zorn’s lemma, will be
given. Many arguments in algebra involving infinite sets can be given using the maximal principle or Zorn’s
lemma, but occasionally a more general method, called transfinite induction, is required. A discussion of
transfinite induction is given in appendix 1, together with proofs of some theorems from algebra.

The cardinality |S| of an infinite set can be defined. Indeed, the proper handling of this notion was
fundamental to Cantor’s development of set theory. The cardinality of a set is something called a “cardinal
number” in set theory. Basic algebra can often avoid having to consider these; we may define |S| < |T'| to
hold if there is an injection from S to T', and |S| = |T'| if there is a bijection. The Bernstein-Cantor-Schréder
theorem of set theory states that if |S| < |T'| and |T| < |S| then |S| = |T'|; a proof is given in appendix 1. If
there is a surjection from S to T' then |S| > |T'|, because there is an injection from T to S. Note also that if
S CT and |S| < |T| (i-e., (S| > |T])), then S C T.

Occasionally a fact about cardinality is required which requires additional machinery to prove. For one
example of such, if S is an infinite set then |S| = |S x S|. Various additional facts can be proved using this.
For example, if S is an infinite set and T is the set of finite subsets of S then |T'| = |S|. Additional discussion
can be found in appendix 1.

Exercises.
1. Suppose f: S +— T;5",51,S2 CS;and T',T1,T> C T. Show the following.
a. If Sy C S then f[S1] C f[S2], f[0] = 0, f[S1 U S2] = f[S1] U f[S2], and f[S1 N Sa] C f[S1] N f[S2].
b. f 71 C Ty then fT1) C f D], f7HO) =0, fLHT] =S, f T UT] = f 11U f [Ty, and
fHNNT] = TN fIT).
c. f[S1CT iff §'C f1T".
d. f[f7YT"] = fIS]NT"; thus, f[f~T"]] C T', and equality holds if f is surjective.
e. S' C f1[f[S"]], and equality holds if f is injective.
2. Show that two finite sets have the same cardinality iff there is a bijection between them. You may
assume that there is no bijection between {0,...,m — 1} and {0,...,n — 1} for m # n.
3. Show that the divisibility relation on Z has the following properties.
- xly iff 2|(-y) iff (-2)[y iff (—2)[(-y)
- oz



if z|y and y|z then z|z

if x|y and y|z then y = +x

z|0

1|z

if 2|y and z|z then z|y + 2

if 2|y and w is any integer than z|wy
if z,y >0 and z|y then z < y



